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Abstract
Non-perturbative renormalization group approach to the dynamical chiral symmetry breaking is
an effective method which can accommodate beyond the ladder (mean filed) approximation. The
usual method relying on the field operator expansion suffers explosive behaviors of the 4-fermi
coupling constant, which prevent us from evaluating the physical quantities in the broken phase.
In order to overcome this difficulty, we solve the flow equation directly as a partial differential
equation and calculate the dynamical mass and the chiral condensates. Also we formulate a beyond
the ladder equation and it gives almost gauge independent results for the chiral condensates.
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I. INTRODUCTION
The Wilsonian renormalization group approaches to the continuum quantum field theory
have been formulated [1–3] and developed in the past decades (see reviews [4–7]). In these
approaches, the renormalization group (RG) flow equation is defined by a functional differ-
ential equation, the solution of which gives the partition function defined by the functional
integral. Using this framework, we are able to obtain new approximation methods extracting
the non-perturbative information of the partition function. Therefore we call this type of
the RG “non-perturbative renormalization group” (NPRG).
In order to solve the flow equation approximately, we usually expand the equation in terms
of the field operators and their derivatives. The derivative expansion has been applied to
evaluation of the universal quantities such as critical exponents and anomalous dimensions.
For example, in the three-dimensional scalar field theories, the expansion with respect to
the field operator without the derivatives converges very well [8–11]. Although it is difficult
to confirm the convergence with respect to the order of the derivatives, the result of the
expansion up to the 4-th derivatives agrees well with the Monte Carlo simulations [12].
The NPRG has been also applied to the analysis of the dynamical chiral symmetry
breaking (DχSB) in the strong coupling gauge theories and its effective theory. As first
noticed by Nambu and Jona-Lasinio [13], the scalar 4-fermi operators become the source
of the DχSB. From the viewpoint of the NPRG, when we lower the renormalization scale
of the effective action, the strong gauge interactions induce the effective 4-fermi operators,
which bring about the DχSB at the low energy scale [14]. Unless there are explicit symmetry
breaking terms such as mass terms, the running 4-fermi coupling constant diverges at a low
energy scale. This explosive behavior is nothing but a signal of the DχSB [4, 15].
On the other hand, the (improved) ladder Schwinger-Dyson (SD) equation has been
frequently used for the analysis of the DχSB in the strong coupling gauge theories. This
ladder approximation has the strong dependence on the gauge-fixing parameter. Moreover
it is difficult to improve the ladder approximation systematically. However the framework
of NPRG allows us to take account of the effects of the non-ladder diagrams in a systematic
fashion [16, 17].
Since the running 4-fermi coupling constants diverge at a critical scale as mentioned
above, the RG flow can not go beyond the critical scale towards the infrared limit. In the
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simple framework of NPRG which maintains the chirally symmetric structure of the effective
action, we can not evaluate the physical quantities in the broken phase such as the dynamical
mass of the fermion and the condensates of the fermion bilinear composite operator.
To overcome this problem, we introduce the bare mass term, which also works as a
source term of the chiral condensates [18]. We may expect that the bare mass prevents
the divergent behavior of the 4-fermi coupling constants and might allow us to effectively
evaluate the order parameter of the DχSB at the infrared limit scale. The field operator
expansion of the NPRG equation, however, does not converge well at least in the region
of the bare mass as small as the current masses of up and down quarks. Consequently we
will take another way of directly solving the NPRG flow equation as a partial differential
equation (PDE) without relying on any field operator expansion.
By the way, another method like the Hubbard–Stratonovich transformation has been
used in many works to avoid the divergent behavior [19–21]. In this method, the composite
operators of fermions are partially transformed to scalar fields, one of which obtains the
nonzero expectation value as a chiral order parameter. Introduction of those scalar fields has
a merit that the meson physics can be argued simultaneously. However it is more complicated
to evaluate the convergence of the physical quantities with respect to the operator expansion
including the scalar fields.
This article is organized as follows. In Sec. 2 we briefly review the flow equation for the
effective average action. We introduce the basic truncation which projects the complete
operator space onto the subspace relevant to the DχSB so as to solve the flow equation
approximately. In Sec. 3 we examine the truncation method in detail and obtain two types
of truncations: one corresponds to the ladder approximation, and the other contains the main
parts of the non-ladder corrections. In Sec. 4 we explain how to evaluate the chiral order
parameters. In Sec. 5, we solve the flow equation by using the field operator expansion, and
examine the convergence of chiral order parameters. In Sec. 6, we directly solve the partial
differential equation and show the results of physical quantities. In Sec. 7, we summarize
our methods and results, and discuss further issues along the line of thought of this article.
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II. NPRG FLOW EQUATION AND ITS APPLICATION
A. Formulation
In order to evaluate non-perturbative effects of the quantum field theory, we introduce
the so-called “effective average action” [3] that interpolates between the bare action and the
full quantum effective action. For this purpose, we define the generating function with the
infrared cutoff supplied by the cutoff term ∆SΛ[Ω] as follows:
eWΛ[J ] ≡ ZΛ[J ] :=
∫
DΩe−Sbare[Ω]−∆SΛ[Ω]+
∫
J ·Ω, (1)
where Ω represents various fields generically and the functional integral is regularized by
the ultraviolet (UV) momentum cutoff Λ0. The cutoff term ∆SΛ is defined as the following
mass term depending on the momentum:
∆SΛ[Ω] =
∫
p
1
2
ΩT (−p) · RΛ(p) · Ω(p). (2)
The regulator function RΛ(p) suppresses the quantum fluctuations with the momentum
lower than the infrared cutoff Λ. Therefore the regulator function satisfies
lim
q2/Λ2→0
RΛ(p) > 0, (3)
and it implements the “coarse graining” in the Wilsonian method.
The effective average action is defined by a slightly modified Legendre transformation:
ΓΛ[Φ] ≡ sup
J
(∫
Φ · J −WΛ[J ]
)
−∆SΛ[Φ]. (4)
It satisfies the following boundary conditions,

ΓΛ → Sbare, Λ→ Λ0 →∞
ΓΛ → Γ, Λ→ 0,
, (5)
provided that the regulator function RΛ(p) has the following properties,

RΛ(p)→∞, Λ→ Λ0 →∞
RΛ(p) = 0, Λ
2/q2 → 0
. (6)
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The cutoff dependence of the effective average action is exactly given by the NPRG flow
equation,
∂tΓΛ[Φ] =
1
2
STr
[(
Γ
(2)
Λ +RΛ
)−1
· ∂tRΛ
]
, (7)
where we define the dimensionless scale parameter t = logΛ0/Λ. The right hand side should
be called β functional, and consists of the second order functional derivative of the effective
average action,
(
Γ
(2)
Λ
)
ij
(p, q) =
δ2ΓΛ[Φ]
δΦi(−p)δΦj(q)
. (8)
It is considered as a matrix with respect to the momentum and the species of fields. This
flow equation is firstly derived by Wetterich [3]. Because of the boundary condition (5),
the flow equation interpolates between the bare action Sbare and the full quantum effective
action Γ.
B. Application to QCD
Hereafter we consider the Nf -flavor massless QCD with Nc-color. The bare action in
Euclidean space is
Sbare =
∫
x
{
1
4
F aµνF
µν
a + ψ¯ (/∂ + ig¯s /A
aT a)ψ
}
, (9)
where T a is the generator of the fundamental representation of SU(Nc). This action has the
chiral symmetry SU(Nf)L×SU(Nf)R, which is to be broken down to SU(Nf)V dynamically
by the strong gauge interactions.
To evaluate the dynamical chiral symmetry breaking (DχSB) by using the non-
perturbative renormalization group (NPRG) flow equation, we truncate field operators which
are not essential to the DχSB from the complete operator space of the effective average ac-
tion. Here we define the following truncated effective average action,
ΓΛ[Φ] =
∫
x
{
ZF
4
F aµνF
µν
a +
1
2ξ
(∂µAµ)
2 + ψ¯ (Zψ/∂ + ig¯s /A)ψ − V (ψ, ψ¯; Λ)
}
, (10)
where we use the covariant gauge with the gauge-fixing parameter ξ, and do not represent
the ghost sector for simplicity. This truncated subspace of the complete effective action is
spanned by the operators of the bare QCD action and the fermion self-interaction operator
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V (ψ, ψ¯; Λ), which we call the fermion potential. The discarded operators including higher
derivatives or gluon fields may affect quantitative evaluation, but are not the essential sector
to drive the DχSB. Actually we will confirm that the operators of the bare QCD and the
fermion potential bring about DχSB using the NPRG flow equation [19].
Here it should be noted that the flow equation induces operators breaking the gauge sym-
metry, such as the mass operator of the gauge boson, because the cutoff function explicitly
breaks the gauge symmetry. However we do not discuss this issue because we truncate out
such operators. Eventually the flow equation of the gauge coupling constant agrees with that
of the one-loop perturbation theory. We will concentrate on evaluating the flow equation
for the fermion potential.
C. Techniques to derive the NPRG flow equation
In the rest of this section, we will explain some techniques to explicitly write down the
NPRG flow equation (7) for the fermion potential. We denote the degrees of freedom of the
fields as a vector Φt = (Aaµ, ψ
t, ψ¯). Then the dressed inverse propagator including the cutoff
function is given by
Γ
(2)
Λ [Φ](p, q) +RΛ(p, q)
=


−→
δ
δAaµ(−p)
−→
δ
δψ(−p)
−→
δ
δψ¯t(−p)


(
ΓΛ[Φ] + ∆SΛ[Φ]
)( ←−
δ
δAbν(q)
,
←−
δ
δψt(q)
,
←−
δ
δψ¯(q)
)
.
(11)
The regulator function is defined by
RΛ(p, q) =


ZA r(p) (D
−1
0 )
ab
µν(p) 0 0
0 0 Zψ rψ(p) i/p
t
0 Zψ rψ(p) i/p 0

× δ(p− q), (12)
where (D−10 )
ab
µν(p) ≡ p
2δab(δµν −
qµqν
q2
(1− 1
ξ
)) and δ(p− q) ≡ (2π)4δ(4)(p− q). Functions, r(p)
and rψ(p) are defined to satisfy the properties (3) and (6).
Next we explain how to calculate the “super trace” in the NPRG flow equation (7). We
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transform the flow equation as follows [5],
∂tΓΛ[Φ] = ∂˜t
1
2
STr log
[
Γ
(2)
Λ +RΛ
]
. (13)
Here the symbol ∂˜t is defined by
∂˜t =
∫
p
[
∂t(ZAr(p))
ZA
δ
δr(p)
+
∂t(Zψrψ(p))
Zψ
δ
δrψ(p)
]
, (14)
where
∫
p
≡
∫
d4p
(2pi)4
. Then we split the inverse propagator matrix (11) into submatrices as
follows,
M ≡ Γ
(2)
k +Rk =

MBB MBF
MFB MFF

 , (15)
where MBB (MFF) corresponds to the second derivative with respect to bosonic (fermionic)
fields, while MBF and MFB correspond to bosonic and fermionic field derivatives. Physi-
cally the submatirx MBB corresponds to the inverse free propagator of the gauge field, the
submatrices MBF and MFB are the gauge interactions, and the submatrix MFF contains the
inverse propagator of the fermion and the fermion self-interactions. Using this notation, we
can rewrite the “super-trace log” in the flow equation (13) into the following formula [22]:
STr logM = −Tr logMFF + Tr log
[
MBB −MBFM
−1
FFMFB
]
. (16)
Note that another expression,
STr logM = Tr logMBB + Tr log
[
MFB −MFBM
−1
BBMBF
]
, (17)
has been often used in the NPRG analyses. Here Eq. (16) is more appropriate for our
purpose of improving the gauge parameter dependence.
To derive the flow equation for the fermion potential, the matrix M in Eq. (15) should
be evaluated by replacing the fields with their zero-momentum components. Replacing
Φ(p)→ Φδ(p), we have
M(p, q) = Γ
(2)
Λ [Φ](p, q) +RΛ(p, q)
∣∣∣
Φ(p)=Φδ(p)
=


ZF (1 + r)(D
−1
0 )
ab
µν ig¯sψ¯γµT
a −ig¯s(γµT
aψ)T
−ig¯s(ψ¯γνT
b)t −
∂2V
∂ψ∂ψ
iZψ(1 + rψ)/p
t −
∂2V
∂ψ∂ψ¯
ig¯sγνT
bψ iZψ(1 + rψ)/p−
∂2V
∂ψ¯∂ψ
−
∂2V
∂ψ¯∂ψ¯


× δ(p− q).
(18)
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III. FLOW EQUATION FOR THE FERMION POTENTIAL
A. Scalar 4-fermi operator
The gauge interactions induce all possible fermion operators respecting the symmetry of
QCD, which are enhanced by themselves when we lower the cutoff scale. Even in the trun-
cated subspace of the effective action (10), we can not treat exactly all possible operators
and interactions. Therefore, as an approximation of the flow equation for the fermion poten-
tial, we project its full operator space onto a specific subspace and restrict the interactions
so that we evaluate the DχSB most effectively.
As in the QED with one flavor [16], the central operator for DχSB is undoubtedly the
following scalar 4-fermi operator,
ρ =
1
2
N2
f
−1∑
I=0
[(
ψ¯λIψ
)2
+
(
ψ¯λIiγ5ψ
)2]
, (19)
where λI (I = 1, · · · , N2f − 1) are the generators of the fundamental representation of
SU(Nf), and λ
0 = 1√
2Nf
1flavor is defined so that they satisfy the proper normalization,
tr[λIλJ ] = δ
IJ
2
. The 4-fermi operator ρ, often adopted in Nambu–Jona-Lasinio (NJL)-type
model with Nf = 3, is invariant under the chiral transformation, SU(Nf)L × SU(Nf)R. It is
the only chiral invariant 4-fermi operator which gives corrections to the mass operator, and it
becomes the relevant operator in the region of the strong gauge coupling constant. Therefore,
for a first-step approximation, we project the operator space of the fermion potential onto
the subspace spanned by polynomials in the scalar operator ρ.
To project the flow equation onto the subspace defined above, we determine the coefficient
from all possible operators included in the full fermion potential. This is equivalent to count
the coefficients of powers of (ψ¯ψ)2, even though this operator itself is not chirally invariant.
It is due to the fact that (ψ¯ψ)2 operator does not appear in chiral invariant operators other
than powers of ρ. Eventually, we may work with a potential function in the simplest scalar
operator σ = ψ¯ψ:
V (ψ, ψ¯)→ V (σ). (20)
Here we note that the original chiral symmetry is not maintained in this subspace, but the
discrete chiral symmetry still remains: the Lagrangian (the fermion potential) is invariant
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under the following discrete transformation,
ψ → γ5ψ, ψ¯ → −ψ¯γ5, σ → −σ. (21)
The discrete chiral symmetry forbids the operators of the odd powers of σ, such as a mass
term.
Next we pick up the interactions that are expected to be most important for the DχSB
and for improvement of the gauge-fixing parameter (ξ) dependence. In Eq. (18), we further
select the large-Nc leading interactions in the fermion self-interactions, which leads to the
following simplification:
∂2V
∂ψ∂ψ
,
∂2V
∂ψ¯∂ψ¯
→ 0,
∂V
∂ψ¯∂ψ
, −
∂V
∂ψ∂ψ¯
→ ∂σV.
(22)
Applying the above approximation and the usual field renormalization, ψ → ψ/Z
1/2
ψ and
Aaµ → A
a
µ/Z
1/2
A , to Eq. (13) and (16), we obtain the flow equation for the fermion potential,
∂tV (σ; t) = −ηψσ∂σV +
∫
p
tr ∂˜t log S
−1
ψ (p)−
1
2
∫
p
t˜r ∂˜t log [1 + A(p) +B(p)] , (23)
where ηψ is the anomalous dimension of the fermion field. Functions A(p) and B(p) are
matrices in the space of the color adjoint representation and the Euclidean Lorentz vector
space as follows:
(A)abµν(p) = g
2
s ψ¯T
aγµSψ(p)γρDρν(p)T
bψ, (24)
(B)abµν(p) = g
2
s ψ¯T
bDνρ(p)γρSψ(−p)γµT
aψ. (25)
Here we should pay attention to the difference between the two types of traces: tr acts the
space of the fermion’s representation, the Dirac spinor and the color fundamental represen-
tation and the flavor fundamental representation, and t˜r acts the space of the matrix A, B.
The propagators of the fermions and the gauge bosons including the cutoff function in Eq.
(24) and (25) are defined by
Sψ(p) =
−i(1 + rψ)/p− ∂σV
Pψ(p) + ∂σV 2
, (26)
(D)abµν(p) =
δab
P (p)
(
δµν − (1− ξ)
pµpν
p2
)
, (27)
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where Pψ(p) ≡ (1+rψ)
2p2, and P (p) ≡ (1+r)p2. According to the field renormalization, the
anomalous dimension ηψ(≡ ∂t logZψ) appears in Eq. (23), and the gauge coupling constant
is renormalized as gs = Z1g¯s/ZψZ
1/2
A .
In the next two subsections, we will explain how to extract the scalar operators from the
right hand side of Eq. (23).
B. Ladder approximation
In Fig. 1, the flow equation (23) is diagrammatically expressed by using the “corrected
vertex” defined in Fig. 2. We regard A and B as the ladder element and the crossed element
of the diagrams, respectively.
FIG. 1: Infinite series of diagrams expressing the flow equation (23) using the corrected vertex.
µ ν
µ ν
νµ
FIG. 2: The corrected vertex. The two diagrams in the right hand side correspond to A and B in
Eq. (23) respectively. The curved arrows denote the direction of the momentum flow.
The diagrams consisting only of the ladder element A are the ladder diagrams. Moreover
we find that the diagrams consisting only of the crossed elements B are also the ladder
diagrams if we rotate all the fermion lines of the diagrams to untangle the crossed gluon
lines. Therefore the ladder approximation with only the ladder diagrams should be defined
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by
−
1
2
t˜r log[1 + A+B] =
1
2
∞∑
n=1
(−1)n
n
t˜r(A+B)n
ladder
=⇒
1
2
∞∑
n=1
(−1)n
n
t˜r(An +Bn)
=
∞∑
n=1
(−1)n
n
t˜rAn. (28)
To project Eq. (28) onto the subspace of the scalar operators σn, we adopt the following
approximation rule of picking up σ,
ψ¯1O1ψ2ψ¯2O2ψ3 · · · ψ¯nOnψ1 → (−1)
n+1Fn
n∏
i=1
ψ¯i1spinorλ
0T 0ψi, (29)
where we use T 0 ≡ 1√
2Nc
1color. The right hand side of the above formula is nothing but
the scalar part of the general Fierz transformation obtained by using the completeness of
the space of the spinor and the color and the flavor. Thus the coefficient Fn in the above
formula is given by
Fn = tr
[
1spinorλ
0T 0O1 · 1spinorλ
0T 0O2 · · ·1spinorλ
0T 0On
]
. (30)
According to this rule, the summation in Eq. (28) is calculated as follows:
∞∑
n=1
(−1)n
n
t˜rAn →
∞∑
n=1
tr
[
(−1)n+1
n
(
−C2 g
2
s
3 + ξ
4P (p)
Sψ(p)
σ
NfNc
)n]
= tr log
(
1− C2 g
2
s
3 + ξ
4P (p)
Sψ(p)
σ
NfNc
)
, (31)
where C2 is the second Casimir invariant of the SU(Nc) representation, C2 =
∑N2c−1
a=1 T
aT a.
Finally we obtain the ladder flow equation,
∂tV (σ; t) = −ηψσ∂σV +
∫
p
tr ∂˜t log
(
S−1ψ (p)− C2 g
2
s
3 + ξ
4P (p)
σ
)
, (32)
where we rescaled V and σ by common factor NcNf , V → NcNf V and σ → NcNf σ.
As for the regulator function, we adopt the following sharp regulator function,
rsharp(p) = ZA · r(p) = Zψ · rψ(p) =
1
θ(p2 − 1)
− 1. (33)
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Performing the momentum integration in Eq. (32), we obtain the ladder flow equation as a
partial differential equation (PDE),
∂tV (σ; t) = −ηψσ∂σV +
Λ4
4π2
ln
[
1 + Λ−2
(
∂σV + (3 + ξ)
C2 g
2
sσ
4Λ2
)2]
. (34)
Apart from the anomalous dimension term, this flow equation agrees with the local potential
approximated Wegner-Houghton equation, and it was proven that the flow equation gives
the results equivalent to the improved ladder Schwinger-Dyson equation [19]. Actually this
is the reason why we call this approximated flow equation “the ladder”.
Using the momentum scale expansion [23, 24], the anomalous dimension of the fermion
field ηψ = ∂t logZψ is given by
ηψ =
C2g
2
s
8π2
(
ξ
Λ2
Λ2 +m2(t)
+
3− ξ
4
Λ2m2(t)
(Λ2 +m2(t))2
)
, (35)
where we define the running mass,
m(t) = ∂σV (σ; t)|σ=0 . (36)
As will be seen in the numerical results in Sec. VI, the chiral order parameters given by
the ladder flow equation (34) strongly depend on the gauge-fixing parameter ξ.
C. Beyond the ladder approximation
In order to improve the gauge dependence, we have to add the crossed element as well. We
evaluate the flow equation (23) using the full corrected vertex in Fig. 2, which is calculated
as follows:
(A+B)abµν(p) = −
2g2s
Pψ + ∂σV 2
ψ¯T aT b
(
i
(1 + rψ)pα
P
(ǫµναβγ5γβ) +MDµν
)
ψ
+ (term including [T a, T b] ).
(37)
Here we will ignore the commutator term for simplicity. Note that this ignorance is consistent
with our approximation that we do not include diagrams with gluon self couplings. From
the following discussion we expect that this ignorance does not induce the strong gauge
dependence in the truncated subspace.
We associate the corrected vertex with the gauge independent set of diagrams for the
S-matrix in case of the Abelian gauge theory. In the non-Abelian gauge theory, the diagram
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exchanging one gluon is also needed for the gauge independence of the S-matrix. On the
other hand, such corrections can not be added directly due to the one-loop nature of the
NPRG β function, and therefore the gauge dependence which would be canceled in the S-
matrix appears in the commutator term of Eq. (37). In the NPRG, the correction by the
diagrams exchanging one gluon is treated through the effective operators such as ∂µFµνψ¯γνψ.
However such operators are not included in the truncated subspace. Thus we may omit the
commutator term without suffering strong gauge dependence.
Then, according to the general Fierz transformation (29), we can pick up the scalar
operators as follows:
(−1)n
2n
t˜r(A+B)n → 2NcNf
(−1)n+1
n
[
2g2s
2P (Pψ +M2)
σ
NcNf
]n
×

(ξM)n + [
n
2
]∑
k=0
(−1)k
(
n
2k
)
(2 + 4k)Mn−2kPψ
k

 . (38)
Finally, adopting the sharp regulator function, we obtain the flow equation beyond the
ladder approximation as the following partial differential equation:
∂tV (σ; t) = −ηψσ∂σV +
Λ4
4π2
log
[
1 +
B2
Λ2
]
+
Λ4
8π2
log
[
Λ2 +B2
Λ2 + ∂σV 2
+
3Λ2G2
(Λ2 + ∂σV 2)2
]
+
Λ4
4π2
log
[
1 + ξ
∂σV G
Λ2 + ∂σV 2
]
,
(39)
where B = ∂σV + C2
g2sσ
2Λ2
and G = C2
g2sσ
2Λ2
.
IV. CHIRAL ORDER PARAMETERS
Now we explain how to evaluate the two chiral order parameters, the dynamical mass of
quarks and the chiral condensates 〈ψ¯ψ〉, which are generated by the DχSB.
In the framework of the NPRG, calculating the non-zero chiral order parameter is nontriv-
ial because the NPRG flow equation maintains the chiral invariant structure of the effective
action, which forbids appearance of the dynamical mass operator. 1
1 In the theories including the scalar fields whose symmetries spontaneously break, we can evaluate the
nonzero expectation values of the scalar fields as the order parameters by searching the minimum point of
its effective potential. In the theory we consider, this method cannot be used directly because the chiral
order parameters are not such expectation values of the fields. Therefore, the scalar fields corresponding
to the ψ¯ψ are introduced by methods like the Hubbard-Stratonovich transformation in many works. In
this article, however, we adopt another method as will be seen in Sec. VI.
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On the other hand the DχSB shows itself as a divergent behavior of the 4-fermi coupling
constant, which is the source of the DχSB in the NJL model. We can define the β function for
each operator by expanding the flow equation in powers of σ. The β function for the 4-fermi
coupling constant consists of itself and the gauge coupling constant, but does not include
the higher dimensional operators due to the chiral invariance. Solving the RG equation, we
obtain the flow of the 4-fermi coupling constant as follows: Lowering the cutoff scale Λ(t),
the gauge interactions generate the 4-fermi operator, which enhances itself, and consequently
the 4-fermi coupling constant diverges at a finite infrared scale Λc.
Because of this divergence, the RG flow can not go beyond the critical scale Λc toward
the infrared limit in the chiral invariant operator space. Therefore the divergence seems to
imply that the chiral invariant RG flow cannot exist at the cutoff scale lower than Λc, where
the true RG flow might be in the chiral variant operator space including the mass operator.
The relation between the divergence and the DχSB has been discussed in Refs. [4, 16, 25].
Here, in order to go beyond the critical scale Λc and to effectively evaluate the chiral order
parameters, we introduce the bare mass term, which explicitly breaks the chiral symmetry,
in addition to the chiral invariant bare action: [18]
Sbare = Sbare(invariant)−
∫
x
m0 ψ¯ψ. (40)
When the cutoff scale Λ(t) lowers, the running mass m(m0; t), being m0 at the initial scale
t = 0, is rapidly enhanced around Λc by the 4-fermi interaction, and consequently the
enhanced mass suppresses the β functions due to the decoupling effect. Therefore the 4-
fermi coupling constant is expected to stay finite at the infrared scale. Taking the zero bare
mass limit after solving the flow equation, the infrared limit mass becomes a chiral order
parameter, the so-called dynamical mass of quarks:
mdyn ≡ lim
m0→+0
lim
t→∞
m(m0; t). (41)
The bare mass m0 also works as an external source for the composite operator ψ¯ψ, and
its expectation value is evaluated as follows:
〈ψ¯ψ〉 ≡ lim
m0→+0
lim
t→∞
∂G¯0(m0; t)
∂m0
, (42)
where G¯0(m0; t) denotes V (ψ, ψ¯; t)|ψ=ψ¯=0. Here the infrared limit value G¯0(m0;∞) corre-
sponds to the Helmholtz free energy.
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From the view point of the Helmholtz free energy, we may describe the relation between
the DχSB and the divergent behavior of the 4-fermi coupling constant. Due to the chiral
invariance of the theory, G¯0(m0; t) is an even function of m0. Hence the derivative of
G¯0(m0; t) at m0 = 0, namely the chiral condensates, vanishes if it is an analytic function.
On the other hand, the derivative of G¯0(m0; t) cannot be continuous at m0 = 0, if the chiral
condensates has the non-vanishing values. When the cutoff scale Λ(t) decreases, the initially
analytic function G¯0(m0; t) changes into a non-analytic one at the critical scale Λc. Therefore
its second derivative diverges at the scale Λc. Actually, in the large-N approximated NJL
model, the 4-fermi coupling constant is almost equal to the second derivative, and therefore
its divergent behavior shows the emergence of the DχSB at that scale Λc.
V. FIELD OPERATOR EXPANSION AND ITS CONVERGENCE
Here we attempt to solve the flow equation using the field operator expansion so that we
evaluate the chiral order parameters introduced in the previous section. As seen in the end
of this section, however, the field operator expansion does not work well in this model.
In the subspace spanned by polynomials in σ, the β function for the 4-fermi coupling
constant includes the 6-fermi coupling constant owing to the chiral symmetry breaking
effect of the bare mass m0. In general, the β function for the 2n-fermi coupling constant
includes the 2(n+1)-fermi coupling constant. Therefore we have to take into account of the
infinite number of the 2n-fermi operators, and encounter the infinite tower of the coupled
RG equations.
Since such infinitely coupled equations can not be evaluated numerically, we stop the
expansion at some maximum power N :
V (σ; t) =
N∑
n=0
1
n!
G¯n(t)σ
n, (43)
where we call N the order of “truncation”. Then, expanding the flow equation in powers of
σ, we set up (N + 1)-coupled RG equations where the β function for the 2N -fermi operator
does not include the 2(N +1)-fermi coupling constant. The lager the truncation order N is,
the better the solution of the truncated coupled RG equations approximates the solution of
the original flow equation. Actually, this type of truncation approximation has worked well
in many theories.
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Let us see the truncation dependence of the dynamical mass mdyn calculated for the
ladder flow equation (34). In App. A we explain the input parameters and the running
gauge coupling constant which obeys the one-loop perturbative β function. In Fig. 3, we
plot the running mass m(m0; t) at the infrared limit ( t→∞) for each bare mass, and show
its dependence on the truncation order from N = 2 to N = 20. In the bare mass larger
than about 0.02 GeV, the truncated solutions converge well with respect to truncation order
N . It also shows that the mass is dynamically generated by the DχSB since the infrared
running mass is much larger than the corresponding bare mass. In the small bare mass
region, however, the truncated solutions do not converge but diverge more badly for larger
truncation order. Therefore we can not take the zero bare mass limit straightforwardly
in this method with the field operator expansion. It is also difficult to make a reliable
extrapolation. The non-ladder flow equation (39) shows the similar behaviors as the ladder
flow equation.
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FIG. 3: Dependence of the infrared limit of the running mass m(m0; t→∞) on the bare mass m0
and truncation order N .
Here we show the results using another method of avoiding the explosive behavior of 4-
fermi coupling constant. In Eq. (43), the fermion potential is expanded around the vanishing
value (σ = 0). We expand it around the nonvanishing value σ0 ( 6= 0),
V (σ; t) =
N∑
n=0
1
n!
H¯n(k)(σ − σ0)
n. (44)
16
In this expansion, we can go beyond the critical scale Λc without introducing the bare mass
because the nonvanishing value σ0 plays a similar role as the bare mass. Note that it does not
work as an external source for the chiral condensates. The dynamical mass corresponding
to Eq. (41) is given by the following limit,
mdyn = lim
σ0→+0
lim
t→∞
H¯1(σ0; t). (45)
As seen in Fig. 4, however, the expansion around the nonvanishing value does not converge
in the small value of the expansion point σ0.
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FIG. 4: Dependence of H¯1(σ0; t → ∞) on the expansion point σ0 and truncation order N , where
the normalization scale of σ0 is σnorm. = 1 (GeV)
3.
VI. SOLVING THE FLOW EQUATION AS PDE
In Sec. IV and V, so as to evaluate the chiral order parameters, we have introduced
two methods, introduction of the bare mass and expansion around the non-zero point, both
of which are expected to avoid the divergent behavior of the 4-fermi coupling constant.
Note that the expansion around non-zero point means that the fermion potential V (σ; t)
is evaluated at the non-zero point, σ 6= 0. In these methods, however, the field operator
expansion does not converge in the small value region of the bare mass or the expansion
point, and we cannot obtain reliable chiral limit of the dynamical mass.
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Obviously the poor convergence of the field operator expansion originates from the diver-
gent behavior of the 4-fermi coupling constant, which corresponds to the second derivative
of the fermion potential V (σ; t). On the other hand, if the flow equation is solved as a
partial differential equation (PDE), the fermion potential is expected to behave analytically
at least except for the origin. 2 Therefore, we will directly solve the flow equation as a PDE
without the field operator expansion.
In the practical calculation we solve the flow equation in terms of the mass function,
M(σ; t) = ∂σV (σ; t), because the numerical solution of the PDE for the mass function
is more stable than that for the fermion potential. Moreover, for the numerical stability
around σ = 0, σ is transformed into the logarithmic variable, x = log σ/σnorm where the
normalization scale σnorm is set to be 1 (GeV)
3. We do not directly treat the origin of σ and
consider the limit x → −∞ of the mass function M(x; t) to calculate the dynamical mass
as seen in Eq. (45).
Now we adopt the simple formulation of the grid method where the derivatives with
respect to x are replaced with the finite differences. The finite differences are defined by the
7-point formula where for example the finite difference corresponding to the first derivative
∂xM consists of values on 6 points. These points are nearest neighbors to the point where
the derivative is evaluated.
For the numerical calculation, we will set a finite region for x, xL ≤ x ≤ xR. In order to
approximate the mass function at the end point xL to be the dynamical mass, we need to
choose a small enough xL << −1. Near the boundaries, where we can not take full 6 points,
we use the 5-point formula, the 3-point formula, and eventually at the very end we take only
the next point. Usually these constraints enhance the numerical error near boundaries. It
will be found that actually these low order approximated definition of the finite difference
near the boundaries does not induce the instability. In the practical calculation we choose
the boundaries such that xL = −19 and xR = 0.
Through the procedure explained above, the coupled ordinary differential equations for
the discretized mass function on the grid are obtained, and we numerically solve the equa-
2 Strictly speaking, such a function without the total analyticity cannot be a global solution of the PDE.
Adopting the “weak” solution of the PDE, we can exactly solve the PDE and obtain physical quantities
straightforwardly without any extrapolation. This method of the weak solution will be reported in a
separate article [26].
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tions with respect to the dimensionless scale t using the 4-th order Runge-Kutta method. In
Fig. 5 we present the RG evolution of the mass function given by the ladder flow equation
(34). Here the Landau gauge ξ = 0 is adopted, and the anomalous dimension is ignored,
which is consistent with the local potential approximation (LPA). We can see that the mass
function is dramatically increased from the vanishing value when lowering the cutoff scale
Λ(t). Particularly the dynamical mass generation is observed below a critical scale, rather
rapidly in a short range of scale t. The infrared limit is reliably evaluated, whose size reaches
the ΛQCD scale, and thus the DχSB occurs. If the chiral symmetry is not spontaneously
broken, the mass function goes to be zero in the limit x→ −∞.
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FIG. 5: RG evolution of the mass functionM(σ; t). The green dash lines denote the mass function
at dimensionless scales t increasing by ∆t = 0.3 step, and the red line denotes the mass function in
the infrared limit, t → ∞. The mass function is dramatically increased from the vanishing value
below a critical scale tc ≃ 5.3.
The mass function well converges to a certain value when x goes towards the end point
xL. Therefore we can conclude that the approximated definition of the finite differences near
the boundaries does not induce the instability of the mass function at xL, and the value can
be identified with the dynamical mass mdyn. To evaluate the chiral condensates 〈ψ¯ψ〉 by
using Eq. (42), we introduce the bare mass and calculate the free energy G¯0 through the
evolution of V at the end point xL. As mentioned in Sec. III B, the LPA ladder flow equation
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with the Landau gauge has been proved to give the result equivalent to the improved ladder
SD equation. Actually the two chiral order parameter obtained now agree well with the
ones obtained by the SD approach in Ref. [29], which assures the total consistency of our
method.
We present the numerical results of the two chiral order parameters obtained from the
two approximated flow equations, the ladder one (34) and the non-ladder one (39), with the
various values of gauge fixing parameter ξ. Table I (Table II) shows the numerical values
of the dynamical mass (the chiral condensates) with or without the anomalous dimension.
Here the chiral condensates are the renormalized ones at 1 GeV, 〈ψ¯ψ〉1GeV [29].
TABLE I: Results of the dynamical mass mdyn. [GeV] . (L) ladder approximation; (NL) non-
ladder approximation; (LA) ladder approximation with the anomalous dimension; (NLA) non-
ladder approximation with the anomalous dimension.
ξ (L) (NL) (LA) (NLA)
0 0.888 0.958 0.792 0.860
1 1.12 1.14 0.827 0.860
2 1.33 1.30 0.861 0.844
3 1.54 1.44 0.896 0.821
4 – – 0.931 0.792
5 – – 0.967 0.757
We show these results graphically in Fig. 6 and 7. Now we find that the gauge dependence
of the results with the anomalous dimension (A. D.) are suppressed much better than ones
without the A. D.. Besides, as for the results with the A. D., the gauge dependence of
the chiral condensates obtained from the non-ladder flow equation is almost vanishing. It
looks perfect and this is nothing but what we expected to get by adding the crossed gluon
diagrams to go beyond the ladder. On the other hand, such great improvement by the non-
ladder calculation is not seen for the dynamical mass. This is due to the fact that the chiral
condensates are the on-shell quantities while the dynamical mass is not. Consequently there
is no reason that the dynamical mass does not depend on the gauge fixing parameter. We
confirmed that our non-ladder extended calculation respects the gauge independence almost
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TABLE II: Results of the chiral condensates (〈ψ¯ψ〉1GeV/Nf)
1/3 [GeV]. The notation is the same as
in Table I.
ξ (L) (NL) (LA) (NLA)
0 0.215 0.219 0.209 0.213
1 0.267 0.264 0.221 0.219
2 0.330 0.312 0.236 0.222
3 0.408 0.364 0.255 0.224
4 – – 0.278 0.225
5 – – 0.304 0.225
perfectly.
Finally it should be noted that in the Landau gauge (ξ = 0) the gauge dependent ladder
result of the chiral condensates coincides with the almost gauge independent non-ladder
extended one. This feature of the Landau gauge proves a folklore that the ladder approxi-
mation is good particularly in the Landau gauge.
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FIG. 6: Gauge dependence of the dynamical mass mdyn.
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VII. SUMMARY AND DISCUSSION
In this paper we have derived a new approximated flow equation beyond the ladder
approximation so as to improve the dependence on the gauge fixing parameter. We have
developed various methods to evaluate the two chiral order parameters, the dynamical mass
of quarks and the chiral condensates. These methods are expected to avoid the explo-
sive behavior of the 4-fermi coupling constant in the course of solving the flow equation.
Within these methods, however, the field operator expansion, which is usually applied to
solve the flow equations, shows poor convergence induced by the infrared singularity. Then,
we stopped the field operator expansion, and solved the flow equation as a partial differ-
ential equation by using the grid method. We have obtained the chiral order parameters
successfully without any instability or extrapolation.
As for the chiral condensates, we have seen that the gauge dependence of the non-ladder
extended result almost disappeared. Therefore our non-ladder extended approximation al-
most respect the gauge invariance.
A next step for further improvement of approximation would be to take into account of
higher order operators including the first derivatives. This improvement is implemented by
replacing the coefficient of the kinetic term Zψ(t) with the function of σ, Zψ(σ; t). Con-
sequently we need to solve coupled partial differential equations in terms of the fermion
potential V (σ; t) and the kinetic function Zψ(σ; t).
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Also we have seen that particularly in the Landau gauge the gauge dependent ladder
result of the chiral condensates coincides with the almost gauge independent non-ladder
extended one. This agreement might be related to a statement that only in the Landau
gauge the ladder approximation satisfies the Ward-Takahashi identity. However, at finite
temperature and chemical potential, this relation is broken. Therefore we would encounter
the new phase structures by applying this non-ladder extended approximation to the hot
and dense QCD in the framework of the non-perturbative renormalization group.
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Appendix A: Running gauge coupling constant and input parameter
In our truncated subspace, the β function for the gauge coupling constant, αs ≡ g
2
s /4π,
agrees with the result of the 1-loop perturbation:
∂tαs =
β0
2π
α2s , (A1)
where β0 =
11
3
Nc −
2
3
Nf . The solution of the RG equation is
αs =
2π
β0
1
tqcd − t
, (A2)
where the scale ΛQCD ≡ Λ0e
−tqcd gives the scale of the infrared quantities such as the chiral
order parameters. Here, in order to go beyond the scale lower than ΛQCD, we introduce
the infrared cutoff effect [28] that the gauge coupling constant stop increasing at a proper
infrared scale, which is naturally expected by the confinement. Adopting the cutoff scheme
in Ref. [29], the running gauge coupling constant is given as follows:
αs(t) =


2π
β0
1
tqcd − t
, t < tir
2π
β0
1
tqcd − tir
+
π
β0
(t− t1)
2 − (tir − t1)
2
(tir − t1)(tqcd − tir)2
, tir < t < t1
2π
β0
1
tqcd − tir
−
π
β0
tir − t1
(tqcd − tir)2
, t1 < t
, (A3)
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where we set a fixed dimensionless scale for t1 to be tqcd + 1, and tir is left as an infrared
cutoff scale parameter. Obeying Ref. [29], tir should be parametrized by ∆ir as tir = tqcd −
0.5 · (∆ir + 1), and we take the following parameter:
ΛQCD = 484 MeV, ∆ir = −0.5. (A4)
By the analysis using the ladder Schwinger-Dyson equation, it is confirmed that the physical
quantities such as the chiral condensates are not sensitive to the choice of the infrared cutoff
scale parameter tir.
Finally, we discuss the initial condition of the fermion potential V (σ; t). The initial
cutoff scale Λ0 has to be large enough so that the obtained RG flow well approximates the
renormalized trajectory starting from the ultraviolet limit, Λ0 →∞. At the ultraviolet limit,
the fermion potential vanishes because the effective average action agrees with the bare QCD
action, or if it exists there it would be strongly suppressed soon by its higher dimensionality.
In practical calculation, we take the vanishing fermion potential as the initial condition, and
set the initial cutoff scale Λ0 to be large enough so that the infrared quantities does not
depend on the Λ0 within a given numerical precision. Actually we set Λ0 to be the Z boson
mass scale, MZ = 91.2 GeV.
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